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Long proofs are an anathema to mathematicians.

1 Definitions

Definition 1 (Axiom bits). Let T' be a recursively axiomatizable theory. An axiom extension of T
1 a theory
T =T+ a,

where « s a finite set of sentences, encoded as a finite binary string. The length of a is called the
number of axiom bits.

Definition 2 (Proof length). For a fized proof system P, let

lp(p|T)

denote the length of the shortest P-proof of ¢ from azxioms T.

2 Formal Speed-Up Theorems

Theorem 1 (Finite axiom extension yields non-recursive speed-up). Let T' be a consistent, re-
cursively aziomatizable theory extending Robinson arithmetic. Then there exists a finite aziom

extension
T =T+«

such that for infinitely many sentences py:
1. U(pn | T) grows faster than any recursive function;
2. Upn | T") = O(n).
In particular, the proof-length speed-up of T' over T is not recursively bounded.

Theorem 2 (Information-theoretic lower bound on proofs). For any proof system P and any theory
T,
lp(p|T) = K(g|T)-0(1),

where K (-) denotes conditional Kolmogorov complexity.
Corollary 1. Let T' =T + a.. A significant shortening of proofs of ¢ is possible only if
K| T+a) <K(p|T),

that is, only if the added axioms encode non-redundant information relevant to .
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3 A Concrete Arithmetic Example

Proposition 1 (Consistency as axiom-bit compression). Let T' = PA and let ¢, express the con-
ststency of PA for proofs of length < n. Then:

1. PA proves each v, but the shortest proofs grow faster than any primitive recursive function;

2. In the theory
T’ = PA + Con(PA),

each wn, has a proof of constant length.

4 Conclusion

Proofs are compressed representations of information. If a theory lacks the information encoding
the obstruction to a theorem, proofs must reconstruct it, resulting in a large length. Adding axiom
bits shortens proofs precisely when those bits encode the missing obstruction. The article [9] studies
the “gap” between the length of a theorem and the smallest length of its proof in a given formal
system.
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